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This paper introduces a new class of continuous functions, termed nano Sb-continuous
functions (Ne-cts), in nano topological spaces (NeT spaces). This study explores their
fundamental properties, characterizations, and relationships with other generalized forms of
continuity. We define and analyze the structural behavior of N2-Sb continuous functions,
extending the existing frameworkofnano topology.Severalnew propositions are established to
demonstrate their role in preserving topological properties. Furthermore, the relationships
between Ne-semi open sets, Ne-b-open sets, and N2-Sb-continuous functions are discussed in

detail. The results provide a foundation for further studies in generalized continuity within
nano topological structures, offering new insights into the field of mathematical topology. The research
contributes to advancing theoretical developments and potential applications in areas that utilize nano
topology, such as fuzzy logic, rough set theory, and computational topology.
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1. INTRODUCTION

The study of nano topology was started by
M. Lellis Thivagar et al [8] with regard to a
subsetX ofa universe thatis described in terms of
lower, upper and boundary approximations of X.
He additionally described Ne-interior (briefly, Ne-
int ) and Ne-closure (briefly, Ne-cl ) in NeT space.
Andrijevic [1] presented and studied a category of
generalized open sets in a topological space
referredto asb-opensets. Further C.Indirani etal
[4] created and studied N2-b-open sets (Ne bo
sets) in nano topological spaces (NeT Spaces). B¢
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open sets were first introduced in topological
spaces by Hariwan Z. Ibrahim [6].
In this research paper,anewkind of Ne cts-

functions referred to as Ne-Sbc cts-functions in

NeT spaces is presented and its characteristics are
examined.

2. PRELIMINARIES
Definition 2.1 [8] Let UN be a non-empty finite

. R
set of elements called the universal set and ~ N
represents an equivalence relation on UN referred
as the indiscernibility relation. Elements in the
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same equivalence class are known asindiscernible
with each another. The pair (ON, RN) is known as

the approximation space. Let X = ON.

(i) The lower approximation of X with respect to
Ry is the collection of all elements which can be

for certain classified as X with respectto Ryand
That is, Lz (X) =
Uyeii{ Rx : RxE X} where Rxis the equivalence

it is represented by Lz (X).

class determined by X € U.

(ii) The upperapproximation of X with respectto
EN is the collection of all elements, which can be

possibly classified as X with respectto Rnyanditis
represented by Ug (X).That is Ui (X) = Uyey
{lRX: R,NX+=0 ]-

(iii) The boundaryregion of Xwith respect to Enis
the set of all elements, that can be classified
neither as X nor as not-X with respectto Ryand it
is represented by Bz (X).That is, Bz (X) = Uz (X) —
Lz(X).

Definition 2.2 [8] Let Un bean universal set and
R\ representan equivalence relation on Un. Then
N2 (X) = NeT = {On, On , L (X), Ur (X), Bz (X)}
where X € Un. Then, N2 (x) satisfies the axioms
listed below.

(i) Un and @y € Neg(x).

(i) The union of the elements of any sub
collection of N2g(x) is in N2g(x).

(iii) The intersection of the elements of any finite
sub- collection of N2z (x) is inN2g(X). Therefore,
N2g(x) is a topology on Un named as Ne- topology
(NeT) on Un with respectto X. We call (Un,N2g(x))
(or) (On, NeT) as the NeTS. The elements of NeT are
called Ne-open sets (briefly, Ne-open sets). The

complement of nano opensets are Ne- closed sets
(briefly, Ne-closed sets).

Example 2.3 [8] Let Un ={w1, w2, w3, w4} with
On /Ry = {{w i} { w2} {w 3 wa}}and X ={ w1, w3}
< Un. Then Ng(x) =NeT={Un, O{ w1},{ w3, wa}{
W1, W3, W4}h
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Remark 2.4 [8] If Ng (x) =NeT is the nano topology
on Un with respect to X and By is a nano subset of
NeT Space (Un, NeT), then Bn={ Uy, Lz(X), Bz (¥)}
is referred to as the basis for Nz (X).
Definition 2.5 [8] If (Oy, NeT) is a NTS with
respect to X where
X ¢ Un and if Ax is a nano subsetin NoTS and if An
c Un, then
(1) TheNe- interior of An is defined as the
union of all Ne-O subsets of Axand it is
denoted by N¢ int (An). That is, Ne- int
(An) is the largest N2-O subset of An.
(2) The Ne- closure of An is defined as the
intersection of all Ne-C sets containing
Anand it is denoted by Ne- cl (An ). That
is, Ne- cl (An) is the smallest Ne-C set
containing An.

Definition 2.6: Let (Uy, NeT) be a NeTS and An S
Un. Then A is called

(1) Ne-semi open set (N2-SO set) [8] if AN S Ne
cl[Neint (An)] and Ne- semi- closed (N2-SC set) [7]
if Ne-int [Ne-cl (An)] € An.

(2) Ne-pre open set (N2-PO set) [8] if AN S Ne-int
[Ne- cl (An)] and Ne- pre-closed (Ne-PC set) [7] if
Ne- cl [Ne-int (An)] € An. .

(3) Ne- Bopen set (Ne-£-0S) [3] if for each xE Ay,
there exists a Ne- open set (N2-0S) Gn such that x
€ Gn & Ne-cl (Gn) & An.

(4) Ne-8-semiopen (Ne-8-S0) [3]iffor each x €Ay,
there exists a N2-semi open set (N2-SO set) Gnsuch
that x€ Gy & Ne -cl (Gn) & An.

(5) Ne-regular open set (N2-RO set) [8] if AN = Ne-
int [Ne-cl (An)] and Ne- regular-closed (Ne-RC set)
[7] if Ne -cl [Ne- int (An)] = An.

Ne-SO(Ux, X), Ne-PO(Un, X), Ne-80(Un, X) , Ne-
850(U0n, X)and Ne-RO(Un, X) respectively denotes
the families of all nano semi-open(Ne-S0O), nano
pre-open(Ne-P0), nano &@-open(Ne-80) nano @
semi-open(N2-8S0) and nano regular-open(Ne-
RO) subsets of (Un, X) .

Definition 2.7 Let (Un, Nz(X)) and (Vn, Nz (v))
be two NeTS. A function
n: (On, Nz (X)) = (VN Nz (y)) is called
(1) Ne-cts [11] if n -1 (Bn) is N2 open set (Ne-
0S) in Un for each Ne OS Bnin V.
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(2) Ne-semi-cts [10] if n -1 (Bn) is N2 semi OS
(Ne-S0) in Un for each Ne OS Byin V.

(3) Ne-pre-cts[10]ifn-1(Bn) is Nepre OS (Ne-
PO) in Unfor every Ne OS BNin V..

(4) Neb-cts [4]ifn~1(Bn)is Ne b-OS (Ne-b-0S)
in On for each Ne OS By in Vn.

Definition 2.8 [3] Let us consider NeTS (U, NeT)
with the set Av € Un. Then the set An is known as
Nano-b-open set (in brief, N2 b-O set) if AN SNecl
(N2 int (An))UNe int (Ne cl (An)). The complement
ofthe N2 b-0S is known as nano- b-CS ( briefly, Ne
b-C set).

Example 2.9 [3] Let Ux = {@1, @2, @3, @4} with Un/
R ={@1}, {@3}, {©2, @4} and X ={e1, @2}. Then NeT={
Un, @y, {1}, {@1, @2, @4}, {@2, @4}} and Ne b-open
sets are Uy, @y, {@1}, {@2}, {@4}{e1, @2}{e1, @3},{e1,
@4}{@2, @1} {@1, @2, @3},{01, @2, @4},{@2, @3, ©4}.

3. NANO SB°-CONTINUOUS FUNCTIONS )
Definition 3.1 Let AN be a subset of a Ne-TS (UN,
NeT). Then the set AN is called as N b®-0 setif for
€ AN € Ne-BO(UN), there exists a No-CS
® E HN c AN.

The family of all nano b© -open subsets (N2 bc-OS)
of a Ne-T space (UN, NeT) is denoted by

Ne B°-0 (0N, NeT) (briefly Ne B°-0 (ON).

M
every

HN such that

Example 3.2 Let U = {el, 2, 03, @4} with 0,7
~{{e1}{e3}{e2, e4}}and ¥ ={e1, @2}. Then °N =
(02 {e1}{el, @2, e4}{a2, @4}}. Then the Ne-

closed sets are U, "D, {e2, @3, @4},{e3} and {el,
@3}.Then the collection of all Ne b-open sets are

Ne-bO(0) = {ﬁ,@, {e1},{e2},{e4}{el, @2},{el, @3},
{el, e4},{e2, e4}{e]l, @2, e3}{el, @2, e4}{e2, @3,

43} and Ne-B°0(0) = {0, ®, {02, 3, 04 },{a2, a3}]}.

Definition 3.3 A function n: (ON, Ni 1) - (N,
Ni (y )) with respect to X and y respectively is
called Ne Semib®-continuous if for each Ne-SOset
BN ofy containing n(x), there exists a Ne-B“- 0S

AN of X containing x such that n(AN) = Ne-cl (BN
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). Ifn is Ne-SB®-continuous at every point of UN,
then it is called Ne-SB®-cts .

Example 3.4 Let ON = {e1, @2, @3, @4} with ON
/R ={{e1,02},{e3), @4)} and ¥ ={e1, @3}. Then
NT

Ne(*y={ON 2, {e3}4el, @2, @3}{al, @2}}. No-CS
) = {2, ON {el, 2, 04}, {04}, {e3, @4}}.Then Ne-
bo(¥) = { N 2, {e1}{@2}{e4},{el, 2}{al, @3},
{el, e4},{e2, e4}{e]l, @2, e3}{el, @2, e4}{e2, @3,
@4}}. Ne-b®0(%) = { ON, @ (a2, @3, 04 },{a2, @3}}.
Let VN = { 71, 22, 73, 74} with VN /°
~({z1},{z3}{22, 74}} and y ={z1,72}. Then"'% (y)
_{VN,@,{n} {71, 22, 74},{z2, 74}}. No-SO(y ) ={VN
, ,{21} {z1, 23} {z2, 74}, { 71, 22 24} {z2,23, 74 }}.
Define: (ON, "5(*)) > (7N, V%' (y)) byn(e1)=
z2,n(e2) = 74,

N(e3) = z1,n(e4) = z3. Then nis Ne-Sb® -cts.

Proposition 3.4 A function n : (Ux, Nz (x)) - (V,
Nz (y)) is Ne-semi-bc-cts if and only if for each # in
Xand each Ne-regularCS Fn ofy containing n(*),
there exists a Ne-bc-OS An of X containing # such
thatn(An) = Fn.

Proof: Suppose that every Ne-regular CS Fn of y
containing n(#), there exists a N2-bc-OS An of x
containing # such thatn(An) < Fn. Let By bea Ne-
SO set in y containing n(*), so Ne-Cl (Bn) =Fn is
Ne-RC, then there exists a N2-bc-OS An of x
containing # such that n(An) © Fn = Ne-Cl (Bn).
Hence 1 is N2-semi-bc-cts.

Conversely, let # € x and let 'y be any Ne-RC
set of y containing n(*). Since n is Ne-Sbc-cts, then
there exists a Ne-bc-OS An of * containing # such
thatn(An) © Ne-Cl (Fn) =FN.

Proposition 3.5 A function n : (U, Ng(x)) - (V,
Nz (v)) is Ne-Sbc-cts if and only if for every # € X
and each Ne-8-semi-0OS Hn of y containing n(*),
there exists a Ne-bc-open set Gy of X' containing x
such thatn(Gn) © Hn .
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Proof : Let » € X and V be any Ne-SO set of y
containing 1(#). So Ne-cl(Hn ) is a Ne- & semi-open
set of y containing 1n(#). Then there exists a Ne-bc-
openset Gy of X containing # such that n(Gn) < Ne-
cl-( Hn). Hence 1 is Ne-Sbc-continuous.
Conversely, let Hy be any Ne-8 semi-open set ofy
containing n(#), then there exists a N2-semi-open
set Bnof y such that n(#) € Bn = Ne-CI(Bn) < Hn.
Since 1 is Ne-Sbc-continuous, then there exists a
Ne-bc-openset Gy of X containing # such thatn(Gn

) © Bn© Hn

Proposition 3.6 : Fora functionn: (U, Ng(x)) -
(V, Nz(y )), the following statements are

equivalent.
1.m is Ne-Sbc-continuous.
2.Foreach# € X and each N2-semi-open set Hn of

y containing 1(#), there exists a Ne-bc-open set Gy
in X containing # such that n(Gn) = Ne-PCI(Hn).
3.Foreachx € X and each Ne-regular closed set F'n
of y containing n(¥), there exists a Ne-bc-open set
Gn in X containing # such that n(Gn) < Fi.

4. Foreach » € X and each Ne-¢ semi-open set Hy
of y containing n(#), there exists a Ne-bc-open set
Gn in X containing # such thatn(Gn) < Hn.

Proof :

(1) = (2). Since Ne-Cl(Hn ) = Ne-pCl(Hn) for every
Hn € Ne-SO(V, n(#)).

(2) = (3). Let® € X and let Fn be any Ne-regular
closed set Fn of y containing n(#).

Then for each n(#*) € Fy there exists a N2-semi-
open set Hn containing n(#) such that Hy < Fy
.Then there exists a Ne-bc-open set Gy in &
containing # such thatn(Gn) © Hy € Fy.

(3) = (4). Let* € X and let Hv be any Ne-6 semi-
opensetofycontaining n(*). Then foreachn(*)€
Hyn, there exists a Ne regular closed set Fy
containing 1n(#) such that Fx = Hn.By (3), there
exists a N2 bc-open set Gy in X containing # such
that n(Gn) © Fn © Hn.

(4) = (1). Itis already proved in Theorem 3.5.
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Proposition 3.7: For afunctionn: (0, Nz (x)) - (V,
Nz(y)), the following statements are equivalent.
1.1 is Ne semi-bc-cts.
2.1 -1 (Ne CI(BN )) is Ne bc-0S in*, for each Ne-
SO setBN iny.
3n-1(Ne Int(FN ))is Nebc-CS inX, foreach Ne-
SC set FN in y.
4.m-1(BN)is Nebc-CS inX, foreach Ne-RO set
BN ofy.
5.n1-1 (FN )is Ne bc-0S inX, for each Ne-RC set
FN of y.
6.1 -1 (BN )is N2bc-0OS in X, foreach NQ-ESO set
BN ofy.
7.m-1 (FN )is Ne bc-CS inX, foreach NQ-ESC set
F
N ofy.

Proof:
(1) = (2).LetBn beanyNe semi-OS iny. To prove
thatn -1 (Ne CI(Bn)) is Ne bc-OS in X. Let# € n-1
(Ne CI(Bn)). Then n(*) € Ne Cl(Bn) and Ne CI(Bn)
is a Ne regular CS in y. Since n is N2 semi-bc-cts.
Then by Theorem 3.4, there exists a Nebc OS An of
X containing x such that n(An) € Ne CI(Bn), Which
implies that x€ An © 1 ~1(Ne CI(Bn)). Therefore,n
-1 (Ne CI(Bn)) is Ne bc OS in X
(2) = (3). Let Fn be any Ne semi-CS of y. Then y
\Fn is aNe semi-0S of'y. By (2),1n 1 (Ne Cl(y \Fn))
is N2 bc-0S in X and -1 (Ne Cl(y \F'n)) =n1(y\Ne
int(Fn)) =X \n-1(Neint(Fn)) is Nebc-0S in X and
hence -1 (N2 int(F'n)) is N2 bc-CS in X.
(3) = (4). Let Bn be any Ne regular open in y.
Then Bn is N2 semi-closed in yand N2 Int(Bn ) = By
.By (3), n 1(Ne Int(Bn)) =m-1(Bn)is Nebc closed
setin X.
(4) = (5). LetFn be anyNe regular closed set of'y.
Theny \Fn is Neregular opensetofy. By (4), 1
-1 (y \Fn)is Nebc-closed setin X and n-1 (y \Fn =
X\ f-1(Fn). Thereforen -1 (Fn)is Ne bc-open set
in X,
(5) = (6). It follows from the fact that any Ne &
semi-open set is a union of N2 regular closed sets.
(6) = (7). .Itis entirely analogous to part (4) =
(5) and the proofis obvious.
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Proposition 3.8: Forafunctionn: (U, Nz(x))— (V,  NelInt(Ne CI(Bn))) is Ne bc-closed set in X and hence
Nz(y)), the following statements are equivalent. we obtain that N2 bc CI(n -1 (Bn)) © 11 (N2 Int(Ne

1.m is N2 semi-bc-continuous.

2.Nebc-Cl (n-1(Bn)) = n-1(NeInt(Cl(Bn)), for each
Ne PO set By of y.

3.1 -1(Ne CI(Ne Int(FN ))) = Ne bc Int(n -1(FN )),
for each N2 PC set FN of y.

Proof:
(1) = (2). Let Bx be any Ne pre-open set of y. Then
Bn © Ne Int(Ne CI(Bn)) andNeInt(NeCl(Bn)) is Ne
regular open set in y. Since m is N2 semi-bc
continuous,by Theorem 3.7, (4),n ~1 Ne Int(Ne CI(Bn
))) is Nebc-closed setin X and hence we obtain that

Ne be Cl(n -1 (Bn)) = n -1 (Ne Int(Ne Cl(Bn)).

(2) = (3). Let Fn be any Ne pre-closed set of y.
Then Y\Fn is Ne pre-open setofy and by (2), we
have Ne-bceCI(m ™ (y \Fn)) =n ~* (Ne Int(Cl(y \Fn
)) & X \ Ne-be Int(n ™" (Fx) ©n ™" (y \Ne CI(Ne
Int(Fy))) = X \ Ne-bc Int(n ™" (Fn)) € X \n ™"
(Ne CI(Ne Int(Fn))). Therefore,n ~* (Ne CI(Ne Int(F
))) € Ne-be Int(n ~* (F)).

(3) = (1). LetBn beany Ne RO set of y. Then Y\Bn
is N2 pre-openset of y.Then we have Ne bc Cl(n 1
(Bn)) €1 -1 (Ne Int(Ne CI(Bn)) =1 ~*(Bn). Hence
n "'(Bn) is Ne-bc closed set in X and hence by
theorem 3.7,(4), n is Ne-Sbc continuous.

Proposition 3.9: Forafunctionn: (U, Nz(x)) - (V,
Nz(v)), the following statements are equivalent.

1.n is N2 semi-bc-continuous.

2.Nebc-Cl (n-1(Bn)) & n~1(NeSCI(Bn)), for each Ne
PO set By of y.

3.1 ~1(Ne SInt(Fn))) € Ne be Int(n ~1(Fn)), for each
Ne PC set Fnx of y.

Proof:

(1) = (2). Let Bn be any Ne pre-openset of y. Since
Ne-SCI(Bn ) = Ne Int(Ne CI(Bn) for each Bn of
NePOQ(y), it follows that Bn & Ne Int(Ne Cl(Bn))
andNeInt(NeCl(Bn)) is Neregular opensetin y. Since
1 is Ne semi-bc continuous,by Theorem 3.7, (4),n 1

CI(Bn)).

(2) = (3). Let Fn be any Ne pre-closed set of y.
Then Y\Fn is N2 pre-open set of y and by (2), we
have Ne-bcCl(m ~ (y \Fn)) =1 ~* (Ne Int(Cl(y \Fn
)) & X \ Ne-be Int(n ™" (Fn) &0 ™" (y \Ne CI(Ne
Int(Fn))) Since Ne-SInt(Fn ) = Ne CI(Ne Int(Fn) <
X\ Ne-beInt(n ™ (Fn)) € X \n ~* (Ne CI(Ne Int(F
))). Therefore, n ~* (Ne CI(Ne Int(Fn))) < Ne-bc
Int(™ (Fn)).

(3) = (1). LetBn beanyNe RO set of y. Then Y\Bn
is Ne pre-opensetofy.Then we have Ne bc Int(n 1
(Bn)) € n-1 (Ne cl(Ne Int(Bn)) =0 ~*(Bn). Hence
n “'(Bn) is Ne-be closed set in X and hence by
theorem 3.7,(4), n is Ne-Sbc continuous.

Proposition 3.10 : A functionn : (U, Nz (x)) - (V,
Nz (y)) is Ne Sbc-continuous if and only if n ~* (Bn)
C Ne-bclInt (n ~I(Necl(Bn)) for eachNe SO set Bn of
y.

Proof : Let Bn be any N2 SO set of y. Then Bn ©
Ne-cl (Bn) and Ne-cl (Bn ) is Ne RC set in y. Since n
is Ne-Sbc continuous, by Theorem 3.7,(5), n ~1(Ne
cl(Bn)) is Ne-bc open setin X and hencen ~*(Bn)
C 1 -1(Ne cl(Bn)) = Ne-bc Int (m ~1(Ne cl(Bn)).
Conversely,let Bx beany Ne RC set ofy. Then By is
Ne SO set of y. Thenn ~*(Bn) € Ne-bc Int (1 -1(Ne
cl(Bn)) = Ne-bc Int (n-1(Ne (B )). Then n ~*(Bn)
is Ne-bc OS in X.Hence by Theorem 3.7, 1 is Ne
semi-bc-continuous.

Proposition 3.11 : A functionn : (0, Nz (x)) - (V,
N(y)) is Ne Sbc-continuous if and only if n ~* (Bx)
C Ne-bc Int (n ~1(Ne Pcl(Bn)) for eachNe SO set By
of y.

Proof : Let Bn be any Ne SO set of y. Then Bn ©
Ne-cl (Bn) and Ne-cl (Bn ) is Ne RCsetin y. Since n
is Ne-Sbc continuous , by Theorem 3.7,(5) and
Since Ne-CI(Bn) = Ne-pCI(Bn ), we have n -1(Ne
Pcl(Bn)) is Ne-bc openset in X and hencen™* (Bn)
C 1 -1(Ne Pcl(Bn)) = Ne-bc Int ( -1(Ne Pcl(Bn)).
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Conversely,let Bx beany Ne RC set of y. Then By is
Ne SO set of y. Thenn ~*(Bn) < Ne-bc Int (1 ~1(Ne
Pcl(Bn)) = Ne-bc Int (1 ~1(Ne (Bn)). Then n ~*(Bn)
is Ne-bc OS in X.Hence by Theorem 3.7, ) is Ne
semi-bc-continuous.

Proposition 3.12 : A functionn : (U, Ng(x)) - (V,
Ng(y)) is Ne Sbc-continuousif and only if Ne-bcCl
(M-1(Ne Int(Fn)) ©n ~*(Fn) for eachNe SC set Fy
of y.

Proof : Let Fn be any Ne SC set of y. Then Ne
Int(Ne cl (Fn)) = Fn. and Ne-cl (Fn) is Ne RC setin
y. Since 1 is Ne-Sbc continuous , by Theorem 3.7,
we have n ~1(Ne cl(Fn)) is Ne-bc open set in X and
hence Ne-bc Cl (n-1(Ne Int(Fn)) ©n ~*(Fn).
Conversely,let Fnbe any Ne RC setof y. Then Fn is
Ne SC set of y. Then Ne-bc CI (n-1(Ne Int(Fn)) =
n "'(Fn).Then n ~*(Fn) is Ne-bc OS in X .Hence by
Theorem 3.7, 1 is N2 semi-bc-continuous.

Proposition 3.13 : A functionn : (U, Ng(x)) - (V,
Nz(y)) is Ne Sbc-continuousif and onlyif n ~*(Fn
) = No-bc (Cl (T] —1(N9 [nt((NQ Cl (FN)) for each Ne
PO set Fn of y.

Proof : Let Fnbe any Ne PO set of y. Then Fy ©
Ne Int(Ne cl (Fn)) and Ne Int(Ne cl (Fn)) is Ne RO
setiny. Since nis N2-Sbc continuous, by Theorem
3.7, we have n-1(Ne Int((Ne C1  (Fn)) is Ne-bc
closed set in X and hence we have n™'(Fn) €
“1(Ne Int((Ne CI (Fn)) = Ne-bc CI (n ~1(Ne Int((Ne Cl
(Fn)).

Proposition 3.14 : A functionn : (U, Nz(x)) - (V,
Nz(y)) is Ne Sbc-continuous if 1M ~*(Bn) © Ne-bc
Cl (m (N2 Int(SCI (Bn)) foreach Ne PO set Bn ofYy.

Proof: Let By be any Ne PO set of y. Then Bn ©
Ne Int(Ne cl (Bn)) and N2 Int(Ne cl (Bn)) is NeRO
setiny. Since 1 is Ne-Sbc continuous, by Theorem
3.7, we have 1 -1(Ne Int((Ne CI (Bn)) is Ne-bc
closed set in X and hence we have n ~*(Bn)
~1(Ne Int((Ne CI (Bn)) = Ne-bc Cl (n ~1(Ne Int((Ne Cl
(Bn)) .
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